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Stochastic Optimization From Distributed Streaming
Data in Rate-Limited Networks

Matthew Nokleby

Abstract—Motivated by machine learning applications in net-
works of sensors, Internet-of-Things devices, and autonomous
agents, we propose techniques for distributed stochastic convex
learning from high-rate data streams. The setup involves a network
of nodes—each one of which has a stream of data arriving at a con-
stant rate—that solve a stochastic convex optimization problem
by collaborating with each other over rate-limited communication
links. To this end, we present and analyze two algorithms—termed
distributed stochastic approximation mirror descent (D-SAMD)
and accelerated distributed stochastic approximation mirror de-
scent (AD-SAMD)—that are based on two stochastic variants of
mirror descent and in which nodes collaborate via approximate
averaging of the local noisy subgradients using distributed consen-
sus. Our main contributions are:1) bounds on the convergence rates
of D-SAMD and AD-SAMD in terms of the number of nodes, net-
work topology, and ratio of the data streaming and communication
rates; and 2) sufficient conditions for order-optimum convergence
of these algorithms. In particular, we show that for sufficiently
well-connected networks, distributed learning schemes can obtain
order-optimum convergence even if the communications rate is
small. Furthermore, we find that the use of accelerated methods
significantly enlarges the regime, in which order-optimum conver-
gence is achieved; this is in contrast to the centralized setting, where
accelerated methods usually offer only a modest improvement. Fi-
nally, we demonstrate the effectiveness of the proposed algorithms
using numerical experiments.

Index Terms—Distributed learning, distributed optimization,
Internet of Things, machine learning, mirror descent, stochastic
approximation, stochastic optimization, streaming data.

I. INTRODUCTION

ACHINE learning at its core involves solving stochastic
M optimization (SO) problems of the form

min (x) < min Fe[e(x, ¢)] (M)
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to learn a “model” x € X C R" that is then used for tasks
such as dimensionality reduction, classification, clustering, re-
gression, and/or prediction. A primary challenge of machine
learning is to find a solution to the SO problem (1) without
knowledge of the distribution P (). This involves finding an
approximate solution to (1) using a sequence of 7 training sam-
ples {£(¢) € T}, drawn independently from the distribution
P(&), which is supported on a subset of Y. There are, in par-
ticular, two main categorizations of training data that, in turn,
determine the types of methods that can be used to find approx-
imate solutions to the SO problem. These are (2) batch training
data and (i) streaming training data.

In the case of batch training data, where all T samples {(¢)}
are pre-stored and simultaneously available, a common strat-
egy is sample average approximation (SAA) (also referred to as
empirical risk minimization (ERM)), in which one minimizes
the empirical average of the “risk” function ¢(-, -) in lieu of the
true expectation. In the case of streaming data, by contrast, the
samples {£(t)} arrive one-by-one, cannot be stored in mem-
ory for long, and should be processed as soon as possible. In
this setting, stochastic approximation (SA) methods—the most
well known of which is stochastic gradient descent (SGD)—are
more common. Both SAA and SA have a long history in the
literature; see [1] for a historical survey of SA methods, [2] for
a comparative review of SAA and SA techniques, and [3] for a
recent survey of SO techniques.

Among other trends, the rapid proliferation of sensing and
wearable devices, the emergence of the internet-of-things (IoT),
and the storage of data across geographically-distributed data
centers have spurred a renewed interest in development and
analysis of new methods for learning from fast-streaming and
distributed data. The goal of this paper is to find a fast and effi-
cient solution to the SO problem (1) in this setting of distributed,
streaming data. In particular, we focus on geographically-
distributed nodes that collaborate over rate-limited communi-
cation links (e.g., wireless links within an IoT infrastructure)
and obtain independent streams of training data arriving at a
constant rate.

The relationship between the rate at which communication
takes place between nodes and the rate at which streaming data
arrive at individual nodes plays a critical role in this setting. If,
for example, data samples arrive much faster than nodes can
communicate among themselves, it is difficult for the nodes
to exchange enough information to enable an SA iteration on
existing data in the network before new data arrives, thereby
overwhelming the network. In order to address the challenge
of distributed SO in the presence of a mismatch between the
communications and streaming rates, we propose and analyze
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two distributed SA techniques, each based on distributed av-
eraging consensus and stochastic mirror descent. In particular,
we present bounds on the convergence rates of these techniques
and derive conditions—involving the number of nodes, network
topology, the streaming rate, and the communications rate—
under which our solutions achieve order-optimum convergence
speed.

A. Relationship to Prior Work

SA methods date back to the seminal work of Robbins and
Monro [4], and recent work shows that, for stochastic convex
optimization, SA methods can outperform SAA methods [5],
[6]. Lan [7] proposed accelerated stochastic mirror descent,
which achieves the best possible convergence rate for general
stochastic convex problems. This method, which makes use of
noisy subgradients of ¢(-) computed using incoming training
samples, satisfies

. L M+o

Blu(1) — 0] < 0) [ 2 + 2L

where x* denotes the minimizer of (1), o2 denotes variance
of the subgradient noise, and M and L denote the Lipschitz
constants associated with the non-smooth (convex) component
of 1) and the gradient of the smooth (convex) component of 1,
respectively. Further assumptions such as smoothness and strong
convexity of (-) and/or presence of a structured regularizer
term in ¢ (-) can remove the dependence of the convergence
rate on M and/or improve the convergence rate to O(c/T) [5],
[8]-[10].

The problem of distributed SO goes back to the seminal work
of Tsitsiklis et al. [11], which presents distributed first-order
methods for SO and gives proofs of their asymptotic conver-
gence. Myriad works since then have applied these ideas to
other settings, each with different assumptions about the type
of data, how the data are distributed across the network, and
how distributed units process data and share information among
themselves. In order to put our work in context, we review a
representative sample of these works. A recent line of work was
initiated by distributed gradient descent (DGD) [12], in which
nodes descend using gradients of local data and collaborate via
averaging consensus [13]. More recent works incorporate accel-
erated methods, time-varying or directed graphs, data structure,
etc. [14]-[18]. These works tend not to address the SA prob-
lem directly; instead, they suppose a linearly separable function
consistent with SAA using local, independent and identically
distributed (i.i.d.) data. The works [19]-[22] do consider SA
directly, but suppose that nodes engage in a single round of
message passing per stochastic subgradient sample.

We conclude by discussing two lines of works [23]—-[25] that
are most closely related to this work. In [23], nodes perform
distributed SA by forming distributed mini-batch averages of
stochastic gradients and using stochastic dual averaging. The
main assumption in this work is that nodes can compute exact
stochastic gradient averages (e.g., via A11Reduce in parallel
computing architectures). Under this assumption, it is shown in
this work that there is an appropriate mini-batch size for which
the nodes’ iterates converge at the optimum (centralized) rate.
However, the need for exact averages in this work is not suited

], 2

to rate-limited (e.g., wireless) networks, in which mimicking
the A11Reduce functionality can be costly and challenging.

The need for exact stochastic gradient averages in [23] has
been relaxed recently in [25], in which nodes carry out dis-
tributed stochastic dual averaging by computing approximate
mini-batch averages of dual variables via distributed consensus.
In addition, and similar to our work, [25] allows for a mismatch
between the communications rate and the data streaming rate.
Nonetheless, there are four main distinctions between [25] and
our work. First, we provide results for stochastic composite opti-
mization, whereas [23], [25] suppose a differentiable objective.
Second, we consider distributed mirror descent, which allows
for a limited generalization to non-Euclidean settings. Third,
we explicitly examine the impact of slow communications rate
on performance, in particular highlighting the need for large
mini-batches and their impact on convergence speed when the
communications rate is slow. In [25], the optimum mini-batch
size is first derived from [23], after which the communications
rate needed to facilitate distributed consensus at the optimum
mini-batch size is specified. While it appears to be possible
to derive some of our results from a re-framing of the results
of [25], it is crucial to highlight the trade-offs necessary under
slow communications, which is not done in prior works. Finally,
this work also presents a distributed accelerated mirror descent
approach to distributed SA; a somewhat surprising outcome is
that acceleration substantially improves the convergence rate in
networks with slow communications.

B. Our Contributions

In this paper, we present two strategies for distributed SA
over networks with fast streaming data and slow communica-
tions links: distributed stochastic approximation mirror descent
(D-SAMD) and accelerated distributed stochastic approxima-
tion mirror descent (AD-SAMD). In both cases, nodes first lo-
cally compute mini-batch stochastic subgradient averages to
accommodate a fast streaming rate (or, equivalently, a slow
communications rate), and then they collaboratively compute
approximate network subgradient averages via distributed con-
sensus. Finally, nodes individually employ mirror descent and
accelerated mirror descent, respectively, on the approximate av-
eraged subgradients for the next set of iterates.

Our main theoretical contribution is the derivation of upper
bounds on the convergence rates of D-SAMD and AD-SAMD.
These bounds involve a careful analysis of the impact of im-
perfect subgradient averaging on individual nodes’ iterates. In
addition, we derive sufficient conditions for order-optimum con-
vergence of D-SAMD and AD-SAMD in terms of the streaming
and communications rates, the size and topology of the network,
and the data statistics.

Two key findings of this paper are that distributed methods
can achieve order-optimum convergence with small communi-
cation rates, as long as the number of nodes in the network
does not grow too quickly as a function of the number of data
samples each node processes, and that accelerated methods
seem to offer order-optimum convergence in a larger regime
than D-SAMD, thus potentially accommodating slower com-
munications links relative to the streaming rate. By contrast,
the convergence speeds of centralized stochastic mirror descent
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and accelerated stochastic mirror descent typically differ only
in higher-order terms. We hasten to point out that we do not
claim superior performance of D-SAMD and AD-SAMD ver-
sus other distributed methods. Instead, the larger goal is to es-
tablish the existence of methods for order-optimum stochastic
learning in the fast-streaming, rate-limited regimes. D-SAMD
and AD-SAMD should be best regarded as a proof of concept
towards this end.

C. Notation and Organization

We typically use boldfaced lowercase and boldfaced capital
letters (e.g., x and W) to denote (possibly random) vectors and
matrices, respectively. Unless otherwise specified, all vectors
are assumed to be column vectors. We use (-)” to denote the
transpose operation and 1 to denote the vector of all ones. Fur-
ther, we denote the expectation operation by E[-] and the field
of real numbers by R. We use V to denote the gradient op-
erator, while ® denotes the Hadamard product. Finally, given
two functions p(r) and ¢(r), we write p(r) = O(q(r)) if there
exists a constant C' such that Vr, p(r) < Cq(r), and we write
p(r) = q(r)) if q(r) = O(p(r).

The rest of this paper is organized as follows. In Section II,
we formalize the problem of distributed stochastic composite
optimization. In Sections III and IV, we describe D-SAMD and
AD-SAMD, respectively, and also derive performance guaran-
tees for these two methods. We examine the empirical perfor-
mance of the proposed methods via numerical experiments in
Section V, and we conclude the paper in Section VI. Proofs are
provided in the Appendix.

II. PROBLEM FORMULATION

The objective of this paper is order-optimal, distributed min-
imization of the composite function

P(x) = f(x) + h(x), 3)

where x € X C R" and X is convex and compact. The space
R" is endowed with an inner product (-, -) that need not be the
usual one and a norm ||-|| that need not be the one induced by the
inner product. In the following, the minimizer and the minimum
value of v are denoted as:

x* Sargming(x), and ¢ 2 (x"). &)

We now make a few assumptions on the smooth (f(-)) and
non-smooth (h(+)) components of 4. The function f : X — R
is convex with Lipschitz continuous gradients, i.e.,

IVIx) =Vl < Llx=yll,VxyeX, 5

where |||, is the dual norm associated with (-, -) and |-||:

Igll, = sup (g,x). (©6)

[Ix[l<1
The function h : X — R is convex and Lipschitz continuous:
[h(x) = h(y)| < M|x—yl[,Vx,y € X. ©)

Note that h need not have gradients; however, since it is convex
we can consider its subdifferential, denoted by Oh(y):

oh(y) ={g:h(z) > h(y)+g" (z—y),Vze X}. (8)

An important fact that will be used in this paper is that the
subgradient g € Oh of a Lipschitz-continuous convex function
h is bounded [26, Lemma 2.6]:

lgll, <M, Vg € Oh(y), y € X. )

Consequently, the gap between the subgradients of ) is
bounded: Vx,y € X and gx € Oh(x), gy € Oh(y), we have

[01(x) = Ov(y)ll, = [IVF(x) = VI(y) +8x — gyl
< V) = VI, + llgx — gy,
< Lx -yl +2M. (10)

A. Distributed Stochastic Composite Optimization

Our focus in this paper is minimization of ¢)(x) over a network
of m nodes, represented by the undirected graph G = (V, E).
To this end, we suppose that nodes minimize ¢/ collaboratively
by exchanging subgradient information with their neighbors
at each communications round. Specifically, each node ¢ € V'
transmits a message at each communications round to each of
its neighbors, defined as

Ni={jeV:(ij) e E}, (11)

where we suppose that a node is in its own neighborhood, i.e.,
i € N;. We assume that this message passing between nodes
takes place without any error or distortion. Further, we constrain
the messages between nodes to be members of the dual space
of X and to satisfy causality; i.e., messages transmitted by a
node can depend only on its local data and previous messages
received from its neighbors.

Next, in terms of data generation, we suppose that each node
1 € V queries a first-order stochastic “oracle” at a fixed rate—
which may be different from the rate of message exchange—
to obtain noisy estimates of the subgradient of v at different
query points in X . Formally, we use ‘¢’ to index time accord-
ing to data-acquisition rounds and define {&;(t) € T}i>1 to
be a sequence of independent (with respect to ¢ and t) and
identically distributed (i.i.d.) random variables with unknown
probability distribution P (). At each data-acquisition round ¢,
node i queries the oracle at search point x; (s) to obtain a point
G(xi(s),&(t)) that is a noisy version of the subgradient of ¢ at
x;(s). Here, we use ‘s’ to index time according to search-point
update rounds, with possibly multiple data-acquisition rounds
per search-point update. The reason for allowing the search-
point update index s to be different from the data-acquisition
index t is to accommodate the setting in which data (equiva-
lently, subgradient estimates) arrive at a much faster rate than
the rate at which nodes can communicate with each other; we
will elaborate further on this in the next subsection.

Formally, G(x, £) is a Borel function that satisfies the follow-
ing properties:

B[G(x,€)] = g(x) € 0y(x),
E[|G(x,€) - g(x)[2] < o*,

and (12)

13)

where the expectation is with respect to the distribution P(£).
We emphasize that this formulation is equivalent to that in
which the objective function is ¥(x) £ E[¢(x, €)], and where
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nodes in the network acquire data point {; (¢) };cy at each data-
acquisition round ¢ that are then used to compute the subgradi-
ents of ¢(x,&;(t)), which—in turn—are noisy subgradients of

P(x).

B. Mini-Batching for Rate-Limited Networks

A common technique to reduce the variance of the
(sub)gradient noise and/or reduce the computational burden in
centralized SO is to average “batches” of oracle outputs into a
single (sub)gradient estimate. This technique, which is referred
to as mini-batching, is also used in this paper; however, its
purpose in our distributed setting is to both reduce the subgradi-
ent noise variance and manage the potential mismatch between
the communications rate and the data streaming rate. Before
delving into the details of our mini-batch strategy, we present
a simple model to parametrize the mismatch between the two
rates. Specifically, let p > 0 be the communications ratio, i.e.,
the fixed ratio between the rate of communications and the rate
of data acquisition. That is, p > 1 implies nodes engage in p
rounds of message exchanges for every data-acquisition round.
Similarly, p < 1 means there is one communications round for
every 1/p data-acquisition rounds. We ignore rounding issues
for simplicity.

The mini-batching in our distributed problem proceeds as
follows. Each mini-batch round spans b > 1 data-acquisition
rounds and coincides with the search-point update round, i.e.,
each node ¢ updates its search point at the end of a mini-batch
round. In each mini-batch round s, each node 7 uses its current
search point x; (s) to compute an average of oracle outputs

sb

>

t=(s—1)b+1

0i(s) Z%

G(xi(s),&(t))- (14)

This is followed by each node computing a new search point
x; (s + 1) using 6, (s) and messages received from its neighbors.

In order to analyze the mini-batching distributed SA tech-
niques proposed in this work, we need to generalize the usual
averaging property of variances to non-Euclidean norms.

Lemma 1: Letzq, ...,z bei.i.d. random vectors in R” with
Elz;] = 0 and E[||z;]|’] < 2. There exists a constant C, > 0,
which depends only on ||-|| and (-, -), such that

k 2
1 C.o?
E % 7.:5 : Z; S L .

Proof: This follows directly from the property of norm

15)

equivalence in finite-dimensional spaces. |

In order to illustrate Lemma 1, notice that when ||-|| = ||-||,,
i.e., the ¢; norm, and (-,-) is the standard inner product, the
associated dual norm is the ¢, norm: |-||, = ||-||,,. Since

%)%, < [Ix]l5 < 7n|x|>, we have C. = n in this case. Thus,
depending on the norm in use, the extent to which averaging re-
duces subgradient noise variance may depend on the dimension
of the optimization space.

In the following, we will use the notation z;(s) £ 6;(s) —
g(x;(s)). Then, E[||z;(s)||*] < C.o?/b. We emphasize that the
subgradient noise vectors z;(s) depend on the search points
x;(s); we suppress this notation for brevity.

C. Problem Statement

It is straightforward to see that mini-batching induces a per-
formance trade-off: Averaging reduces subgradient noise and
processing time, but it also reduces the rate of search-point
updates (and hence slows down convergence). This trade-off
depends on the relationship between the streaming and com-
munications rates. In order to carry out distributed SA in an
order-optimal manner, we will require that the nodes collabo-
rate by carrying out > 1 rounds of averaging consensus on
their mini-batch averages 6; (s) in each mini-batch round s (see
Section III for details). In order to complete the » communica-
tion rounds in time for the next mini-batch round, we have the
constraint

r < bp. (16)

If communications is faster, or if the mini-batch rounds are
longer, nodes can fit in more rounds of information exchange
between each mini-batch round or, equivalently, between each
search-point update. But when the mismatch factor p is small,
the mini-batch size b needed to enable sufficiently many con-
sensus rounds may be so large that the reduction in subgradient
noise is outstripped by the reduction in search-point updates
and the resulting convergence speed is sub-optimum. In this
context, our main goal is specification of sufficient conditions
for p such that the resulting convergence speeds of the proposed
distributed SA techniques are optimum.

III. DISTRIBUTED STOCHASTIC APPROXIMATION
MIRROR DESCENT

In this section we present our first distributed SA algorithm,
called distributed stochastic approximation mirror descent
(D-SAMD). This algorithm is based upon stochastic approxi-
mated mirror descent, which is a generalized version of stochas-
tic subgradient descent. Before presenting D-SAMD, we review
a few concepts that underlie mirror descent.

A. Stochastic Mirror Descent Preliminaries

Stochastic mirror descent, presented in [7], is a generalization
of stochastic subgradient descent. This generalization is charac-
terized by a distance-generating function w : X — R that gen-
eralizes the Euclidean norm. The distance-generating function
must be continuously differentiable and strongly convex with
modulus a, i.e.

(Vw(x) = Vw(y),x—y) > alx— y||2 NVxye X, (17)

In the convergence analysis, we will require two measures of
the “radius” of X that will arise in the convergence analysis,
defined as follows:

2
ZDp,.
(6%

D, = Q, =

max w(x) — minw(x
xeX ( ) xeX ( ))

The distance-generating function induces the prox function, or
the Bregman divergence V : X x X — R, which generalizes
the Euclidean distance:

V(x,2) = w(z) — (w(x) + (Vw(x),z — x)).  (18)
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The prox function V' (x, -) inherits strong convexity from w(-),
but it need not be symmetric or satisfy the triangle inequality.
We define the prox mapping Py : R" — X as

Pi(y) = argmin(y,z — x) + V(x, z). (19)
zeX

The prox mapping generalizes the usual subgradient descent

step, in which one minimizes the local linearization of the ob-

jective function regularized by the Euclidean distance of the step

taken. In (centralized) stochastic mirror descent, one computes

iterates of the form

X(S + 1) = Px(s)(’ﬁg(s))

where g(s) is a stochastic subgradient of ¢ (x(s)), and ~;, is
a step size. These iterates have the same form as (stochastic)
subgradient descent; indeed, choosing w(x) = 1 ||x||g as well
as (-, ) and ||-|| to be the usual ones results in subgradient descent
iterations.

One can speed up convergence by choosing w(+) to match the
structure of X and 1. For example, if the optimization space X is
the unit simplex over R, one can choose w(x) = >, «; log(x;)
and ||| to be the ¢; norm. This leads to V(x,z) = D(z||x)),
where D(-||-) denotes the Kullback-Leibler (K-L) divergence

between z and x. This choice speeds up convergence on the order
of O ( n/ log(n)) over using the Euclidean norm throughout.

Along a similar vein, when v includes an ¢, regularizer to
promote a sparse minimizer, one can speed up convergence by
choosing w(+) to be a p-norm with p = log(n)/(log(n) — 1).

In order to guarantee convergence for D-SAMD, we need to
restrict further the distance-generating function w(-). In partic-
ular, we require that the resulting prox mapping be 1-Lipschitz
continuous in x, y pairs, i.e., Vx,x,y,y’ € R",

| Pe(y) = Po (¥l < lIx = X[ + ly — y7Il-

This condition is in addition to the conditions one usually places
on the Bregman divergence for stochastic optimization; we will
use it to guarantee that imprecise gradient averages make a
bounded perturbation in the iterates of stochastic mirror descent.
The condition holds whenever the prox mapping is the projection
of a 1-Lipschitz function of x, y onto X. For example, it is easy
to verify that this condition holds in the Euclidean setting. One
can also show that when the distance-generating function w(x) is
an £, norm for p > 1, the resulting prox mapping is 1-Lipschitz
continuous in x and y as required.

However, not all Bregman divergences satisty this condition.
One can show that the K-L divergence results in a prox mapping
that is not Lipschitz. Consequently, while we present our results
in terms of general prox functions, we emphasize that the results
do not apply in all cases.! One can think of the results primarily
in the setting of Euclidean (accelerated) stochastic subgradient
descent—for which case they are guaranteed to hold—with the
understanding that one can check on a case-by-case basis to see
if they hold for a particular non-Euclidean setting.

'We note further that it is possible to relax the constraint that the best Lipschitz
constant be no larger than unity. This worsens the scaling laws—in particular,
the required communications ratio p grows in 7" rather than decreases—and we
omit this case for brevity’s sake.

Algorithm 1: Distributed Stochastic Approximation Mirror

Descent (D-SAMD).

Require: Doubly-stochastic matrix W, step size v, number
of consensus rounds r, batch size b, and stream of
mini-batched subgradients 6; (s).

I: fori =1:mdo

2: x;(1) <« mingey w(x) &> Initialize search points
3: end for

4: fors=1:5do

5: hY(s) < 6;(s) > Get mini-batched subgradients
6: forg=1:r,i=1:mdo

7: hi(s) <> icn wijh?_l(s) > Consensus rounds
8:  end for

9: fori=1:mdo
10: X;(s +1) « P, (s)(vhj(s)) > Prox mapping
11: x¥(s41) < 1377 | x;(k) > Average iterates
12:  end for
13: end for

return x2V (S +1),i=1,...

B. Description of D-SAMD

Here we present in detail D-SAMD, which generalizes
stochastic mirror descent to the setting of distributed, streaming
data. In D-SAMD, nodes carry out iterations similar to stochas-
tic mirror descent as presented in [7], but instead of using local
stochastic subgradients associated with the local search points,
they carry out approximate consensus to estimate the average
of stochastic subgradients across the network. This reduces the
subgradient noise at each node and speeds up convergence.

Let W be a symmetric, doubly-stochastic matrix consistent
with the network graph G, i.e., [W];; £ w;; = 0if (i) ¢ E.
Further suppose that W — 117 /n has spectral radius strictly
less than one, i.e., the second-largest eigenvalue magnitude is
strictly less than one. This condition is guaranteed by choosing
the diagonal elements of W to be strictly greater than zero.

Next, we focus on the case of constant step size v and set
it as 0 < v < a/(2L).> For simplicity, we suppose that there
is a predetermined number of data-acquisition rounds 7°, which
leads to S = T'/b mini-batch rounds. We detail the steps of D-
SAMD in Algorithm 1. Further, in Fig. 1 we illustrate the data
acquisition round, mini-batch round, communication round, and
search point update counters and their role in the D-SAMD
algorithm.

In D-SAMD, each node 7 initializes its iterate at the minimizer
of w(-), whichis guaranteed to be unique due to strong convexity.
At each mini-batch round s, each node 7 obtains its mini-batched
subgradient and nodes engage in r rounds of averaging consen-
sus to produce the (approximate) average subgradients h/ (s).
Then, each node i takes a mirror prox step, using h! () instead
of its own mini-batched estimate. Finally, each node keeps a
running average of its iterates, which is well-known to speed up
convergence [27].

2It is shown in [7] that a constant step size is sufficient for order-optimal
performance, so we adopt such a rule here.
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Fig. 1.

The different time counters for the rate-limited framework of this paper, here with p = 1/2, b = 4, and » = 2. In this particular case, over T' = 8 total

data-acquisition rounds, each node receives 8 data samples and computes 8 (sub) gradients; it averages those (sub) gradients into S = 2 mini-batch (sub) gradients;
it then engages in 7 = 2 rounds of consensus averaging to produce S = 2 locally averaged (sub) gradients; each of those (sub) gradients is finally used to update
the search points twice, one for each 1 < s < S. Note that, while not explicitly shown in the figure, the search point x; (1) is used for all computations spanning

the data-acquisition rounds 5 < ¢ < 8.

C. Convergence Analysis

The convergence rate of D-SAMD depends on the bias and
variance of the approximate subgradient averages h' (s). In prin-
ciple, averaging subgradients together reduces the noise vari-
ance and speeds up convergence. However, because averaging
consensus using only 7 communications rounds results in ap-
proximate averages, each node takes a slightly different mirror
prox step and therefore ends up with a different iterate. At each
mini-batch round s, nodes then compute subgradients at differ-
ent search points, leading to bias in the averages h! (). This bias
accumulates at a rate that depends on the subgradient noise vari-
ance, the topology of the network, and the number of consensus
rounds per mini-batch round.

Therefore, the first step in bounding the convergence speed of
D-SAMD is to bound the bias and the variance of the subgradient
estimates h’ (s), which we do in the following lemma.

Lemma 2: Let 0 < Ay <1 denote the magnitude of the
second-largest (ordered by magnitude) eigenvalue of W. Define
the matrices

H(s) = [hi(s),....h}, (s)].

G(s) £ [g(x1(8)),...,8(%m(s))], and
Z(s) = [21(s), -

y Zm (5)]

recalling that the subgradient noise z; (s) is defined with respect
to the mini-batched subgradient 6; (s). Also define

m

i ), T2 ). ) and
S %szs) Z(s) £ [als), -+ 7))

where the matrices G(s), Z(s) € R"*" have identical columns.
Finally, define the matrices

E(s) 2 G(s)W"
Z(s) £ Z(s)W"

— G(s) and
—Z(s)

of average consensus error on the subgradients and subgradient
noise, respectively. Then, the following facts are true. First, one
can write H(s) as

H(s) = G(s) + (20)

E(s) + Z(s) + Z(s).

Second, the columns of Z(s) satisfy

E[|z(s)|] <

mb 2n

Finally, the ith columns of E(s) and Z(s), denoted by e; (s) and
Z;(s), respectively, satisfy

lei(s)]l. < I?%Xm2 V.1 g (s) — g (), (22)

and

AT m2C, 02

EfJ|z:(s)II}] < A

* (23)
where we have used g (s) as a shorthand for g(x;(s)).

The next step in the convergence analysis is to bound the dis-
tance between iterates at different nodes. As long as iterates are
not too far apart, the subgradients computed at different nodes
have sufficiently similar means that averaging them together
reduces the overall subgradient noise.

Lemma 3: Let a; = max; ; ||x;(s) — x;(s)||. The moments
of a, follow:

Elay] < M%J/\/B((l +am?y /O — 1), (24)

Now, we bound D-SAMD’s expected gap to optimality.
Theorem 1: For D-SAMD, the expected gap to optimality at
each node i satisfies

2L§22

BT (S+ 1) —¢" <

2 2
[2(4M +2A \/>.~SD 26)
where
g, 2 (M+\/g) (14 m2\/C.A%)x
(1 +am?/C.AL)* —1)+2M  (27)
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and

2
A2 209 (M + %) (1+m'Ca2r)x

(14 am?y/Ca%)* —1)? +4C.0? /(mb)
+ 423" Co*m? /b + AM (28)

quantify the moments of the effective subgradient noise.

The convergence rate proven in Theorem 1 is akin to that
provided in [7], with A? taking the role of the subgradient noise
variance. A crucial difference is the presence of the final term
involving Z;. In [7], this term vanishes because the intrinsic
subgradient noise has zero mean. However, the equivalent gra-
dient error in D-SAMD does not have zero mean in general. As
nodes’ iterates diverge, their subgradients differ, and the nonlin-
ear mapping between iterates and subgradients results in noise
with nonzero mean.

The critical question is how fast communication needs to
be for order-optimum convergence speed, i.e., the convergence
speed that one would obtain if nodes had access to other nodes’
subgradient estimates at each round. After S mini-batch rounds,
the network has processed mT" data samples. Centralized mir-
ror descent, with access to all m7" data samples in sequence,
achieves the convergence rate [7]

The final term dominates the error as a function of m and 7T if

o? > 0. In the following corollary we derive conditions under

which the convergence rate of D-SAMD matches this term.
Corollary 1: The optimality gap for D-SAMD satisfies

M—FU)
vmT ’

provided the mini-batch size b, the communications ratio p, the
number of users m, and the Lipschitz constant M satisfy

log(mT) oT/?
—qf1y B —o(Z
’ ( +plog(1/)\2))’ ’ O(ml/Q ’

m'/?log(mT) m
—q( 2 08 ) o — () and
p <JT1/2 1og(1/,\2)) ’ <02) > an

M=0 <min{1,1}> )
m \/mo?T

D. Discussion

E(x¥ (S +1))] -4 = 0 ( (29)

Corollary 1 gives new insights into influences of the commu-
nications and streaming rates, network topology, and mini-batch
size on the convergence rate of distributed stochastic learning. In
[23], a mini-batch size of b = O(T"'/?) is prescribed—which is
sufficient whenever gradient averages are perfect—and in [25]
the number of imperfect consensus rounds needed to facilitate
the mini-batch size b prescribed in [23] is derived. By contrast,
we derive a mini-batch condition sufficient to drive the effective
noise variance to O(o? /(mT')) while taking into consideration
the impact of imperfect subgradient averaging. This condition
depends not only on 7" but also on m, p, Ao, and o2—indeed,
for all else constant, the optimum mini-batch size is merely

Q(log(T)). Then, the condition on p essentially ensures that
b= O(T"/?) as specified in [23].

We note that Corollary 1 imposes a strict requirement on M,
the Lipschitz constant of the non-smooth part of . Essentially
the non-smooth part must vanish as m, 7', or o2 becomes large.
This is because the contribution of h(x) to the convergence rate
depends only on the number of iterations taken, not on the noise
variance. Reducing the effective subgradient noise via mini-
batching has no impact on this contribution, so we require the
Lipschitz constant M to be small to compensate.

Finally, we note that Corollary 1 dictates the relationship
between the size of the network and the number of data samples
obtained at each node. Leaving the terms besides m and T’
constant, Corollary 1 requires 7' = §2(m), i.e., the number of
nodes in the network should scale no faster than the number
of data samples processed per node. This is a relatively mild
condition for big data applications; many applications involve
data streams that are large relative to the size of the network.
Furthermore, ignoring the log(m7') term and assuming A and
o to be fixed, Corollary 1 indicates that a communication ratio
of p = Q(w /m/ T) is sufficient for order optimality; i.e., nodes

need to communicate at least {2 ( vm/ T) times per data sample.
This means that if 7" scales faster than Q(m) then the required
communications ratio approaches zero in this case as m,T —
00. In particular, fast stochastic learning is possible in expander
graphs, for which the spectral gap 1 — As is bounded away
from zero, even in communication rate-limited scenarios. For
graph families that are poor expanders, however, the required
communications ratio depends on the scaling of A as a function
of m.

IV. ACCELERATED DISTRIBUTED STOCHASTIC
APPROXIMATION MIRROR DESCENT

In this section, we present accelerated distributed stochastic
approximation mirror descent (AD-SAMD), which distributes
the accelerated stochastic approximation mirror descent pro-
posed in [7]. The centralized version of accelerated mirror
descent achieves the optimum convergence rate of

ow [+ #22].

Consequently, we will see that the convergence rate of
AD-SAMD has 1/5? as its first term. This faster convergence
in S allows for more aggressive mini-batching, and the resulting
conditions for order-optimal convergence are less stringent.

A. Description of AD-SAMD

The setting for AD-SAMD is the same as in Section III. We
again suppose a distance function w : X — R, its associated
prox function/Bregman divergence V : X x X — R, and the
resulting (Lipschitz) prox mapping P, : R” — X.

Asin Section III-B, we suppose a mixing matrix W & R *™
that is symmetric, doubly stochastic, consistent with G, and
has nonzero spectral gap. The main distinction between accel-
erated and standard mirror descent is the way one averages
iterates. Rather than simply average the sequence of iterates,
one maintains several distinct sequences of iterates, carefully
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Algorithm 2: Accelerated Distributed Stochastic Approxi-
mation Mirror Descent (AD-SAMD).
Require: Doubly-stochastic matrix W, step size
sequences s, Js, number of consensus rounds r, batch
size b, and stream of mini-batched subgradients 6; (s).

I: fori=1:mdo
2: x;(1),x24(1),x%(1) « mingey w(x) > Initialize
search points

3: end for

4: fors=1:Sdo

5: fori:=1:mdo

6 xM(s) — B xi(s) + (1— 5K (s)

7: ho( ) < 0;(s) > Get mini-batched subgradients
8:  end for

9: forqg=1:r,1=1: mdo
10: h(s) <>, cp, wish]™ ' (s) > Consensus rounds
11:  end for
12:  fori=1:mdo

13: x; (s + 1) « P, (5)(75hj (s)) > Prox mapping
14: x®(s+ 1) < Bilxi(s + 1) + (1= B7)x%(s)
15:  end for

16: end for

return x:% (S +1),i=1,...

averaging them along the way. This involves two sequences of
step sizes s € [1,00) and «, € R, which are not held con-
stant. Again we suppose that the number of mini-batch rounds
S = T'/bis predetermined. We detail the steps of AD-SAMD in
Algorithm 2.

The sequences of iterates x;(s), x4 (s), and x;®(s) are in-
terrelated in complicated ways; we refer the reader to [7] for an
intuitive explanation of these iterations.

B. Convergence Analysis

As with D-SAMD, the convergence analysis relies on bounds
on the bias and variance of the averaged subgradients. To this
end, we note first that Lemma 2 also holds for AD-SAMD, where
H(s) has columns corresponding to noisy subgradients evalu-
ated at x4(s). Next, we bound the distance between iterates
at different nodes. This analysis is somewhat more complicated
due to the relationships between the three iterate sequences.

Lemma 4: Let

A
a, = max ||x (s)
i,j

— X;l.g (S) || 5

b 2 max|x;(s) - x;(s)|, and
2,

e ) 0

Then, the moments of ay, by, and ¢, satisfy:

Ela,), E[b,], E[c,] < M++/\/B((1+2’ysm2 VO, L) —

Now, we bound the expected gap to optimality of the
AD-SAMD iterates.

Theorem 2: For AD-SAMD, there exist step size sequences
(s and ~y, such that the expected gap to optimality satisfies

E[¥(x"(S +1 U < SLD; x
[P(x;*(S+1))] - ST
[4M + A2 /32 _

o X TSJF EDL/J,X‘:‘Sa (30)

where
= 2(M +a/Vb)*((1 + 2y, m*/C.Liy)"
4C, 02
+ Cba (A2'm? + 1/m) + 4M.

and

— (Mt o/VB)(1 + /om®i)

(14 2y, m*/C.LAL)" — 1) + 2M.

As with D-SAMD, we study the conditions under which AD-
SAMD achieves order-optimum convergence speed. The cen-
tralized version of accelerated mirror descent, after processing
the mT" data samples that the network sees after S mini-batch
rounds, achieves the convergence rate

o [<mLT>2 * A\//lmii?]

This is the optimum convergence rate under any circumstance. In
the following corollary, we derive the conditions under which
the convergence rate matches the second term, which usually
dominates the error when o > 0.

Corollary 2: The optimality gap satisfies

/\/l+a)
vmT '

Elp(x*(S +1)] - 4" = O (
provided

m'/*log(mT) m!/3
= =T T=Q d
r ((7T3/4 10g(1/l2)> ’ ( o? > o

M=0 (min{l, 1}) .
m \/mo?T

C. Discussion

b

ol/23/4
ml/4 ) )

The crucial difference between the two schemes is that AD-
SAMD has a convergence rate of 1/5? in the absence of noise
and non-smoothness. This faster term, which is often negligible
in centralized mirror descent, means that AD-SAMD tolerates
more aggressive mini-batching without impact on the order of
the convergence rate. As a result, while the condition on the
mini-batch size b is the same in terms of p, the condition on p is
relaxed by 1/4 in the exponents of m and T'. This is because the
condition b = O(T"/?), which holds for standard stochastic SO
methods, is relaxed to b = O(T3/*) for accelerated stochastic
mirror descent.
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Similar to Corollary 1, Corollary 2 prescribes a relation-
ship between m and T, but the relationship for AD-SAMD is
T = Q(m'/?), holding all but m, T constant. This again is due
to the relaxed mini-batch condition b = O(T%/*) for accelerated
stochastic mirror descent. Furthermore, ignoring the log term,
Corollary 2 indicates that a communications ratio p = Q(’;;—ff)
is needed for well-connected graphs such as expander graphs.
In this case, as long as T grows faster than the cube root of
m, order-optimum convergence rates can be obtained even for
small communications ratio. Thus, the use of accelerated meth-
ods increases the domain in which order optimum rate-limited
learning is guaranteed.

V. NUMERICAL EXAMPLE: LOGISTIC REGRESSION

To demonstrate the scaling laws predicted by Corollaries 1
and 2 and to investigate the empirical performance of D-SAMD
and AD-SAMD, we consider supervised learning via binary
logistic regression. Specifically, we assume each node observes
a stream of pairs & (t) = (y(t),[(t)) of data points y; (t) € R?
and their labels /; (t) € {0, 1}, from which it learns a classifier
with the log-likelihood function

F(x,x0,y,0) = l(y"x + ) — log(1 + exp(y’ x + )

where x € R? and zy € R are regression coefficients.

The SO task is to learn the optimum regression coeffi-
cients x,xy. In terms of the framework of this paper, T =
(R? x {0,1}),and X = R¥*! (i.e.,n = d + 1). We use the Eu-
clidean norm, inner product, and distance-generating function
to compute the prox mapping. The convex objective function is
the negative of the log-likelihood function, averaged over the
unknown distribution of the data, i.e.,

b(x) = —Ey [F(x,20,y,1)]-

Minimizing v is equivalent to performing maximum likelihood
estimation of the regression coefficients [28].

We examine performance on synthetic data so that there
exists a “ground truth” distribution with which to compute
1 (x) and evaluate empirical performance. We suppose that the
data follow a Gaussian distribution. For [;(t) € {0,1}, we let
vi(t) ~ N(u;l(t),ofI), where f1(;) is one of two mean vec-
tors, and o2 > 0 is the noise variance.® For this experiment, we
draw the elements 1 and 1 randomly from the standard nor-
mal distribution, let d = 20, and choose 03 = 2. We consider
several network topologies, as detailed in the next subsections.

We compare the performance of D-SAMD and AD-SAMD
against several other schemes. As a best-case scenario, we con-
sider centralized mirror descent, meaning that at each data-
acquisition round ¢ all m data samples and their associated
gradients are available at a single machine, which carries out
stochastic mirror descent and accelerated stochastic mirror de-
scent. These algorithms naturally have the best average perfor-
mance. As a baseline, we consider local (accelerated) stochastic
mirror descent, in which nodes simply perform mirror descent
on their own data streams without collaboration. This scheme
does benefit from an insensitivity to the communications ratio
p, and no mini-batching is required, but it represents a minimum

3The variance o2 is distinct from the resulting gradient noise variance o'2.

standard for performance in the sense that it does not require
collaboration among nodes.

Finally, we consider a communications-constrained adapta-
tion of distributed gradient descent (DGD), introduced in [12],
where local subgradient updates are followed by a single round
of consensus averaging on the search points x;(s). DGD im-
plicitly supposes that p = 1. To handle the p < 1 case, we con-
sider two adaptations: naive DGD, in which data samples that
arrive between communications rounds are simply discarded,
and mini-batched DGD, in which nodes compute /ocal mini-
batches of size b = 1/p, take gradient updates with the local
mini-batch, and carry out a consensus round. While it is not
designed for the communications rate-limited scenario, DGD
has good performance in general, so it represents a natural alter-
native against which to compare the performance of D-SAMD
and AD-SAMD.

A. Fully Connected Graphs

First, we consider the simple case of a fully connected graph,
in which E' is the set of all possible edges, and the obvious
mixing matrix is W = 117 /n, which has A, = 0. This repre-
sents a best-case scenario in which to validate the theoretical
claims made above. We choose p = 1/2 to examine the regime
of low communications ratio, and we let m and T grow ac-
cording to two regimes: 7' = m, and T' = y/m, which are the
regimes in which D-SAMD and AD-SAMD are predicted to
give order-optimum performance, respectively. The constraint
on mini-batch size per Corollaries 1 and 2 is trivial, so we take
b = 2 to ensure that nodes can average each mini-batch gradi-
ent via (perfect) consensus. We select the following step-size
parameter ~: 0.5 and 2 for (local and centralized) stochastic
mirror descent (MD) and accelerated stochastic mirror descent
(A-MD), respectively; 5 for both variants of DGD; and 5 and
20 for D-SAMD and AD-SAMD, respectively.* These values
were selected via trial-and-error to give good performance for
all algorithms; future work involves the use of adaptive step size
rules such as AdaGrad and ADAM [29], [30].

In Fig. 2(a) and (b), we plot the performance averaged over
1200 and 2400 independent instances of the problem, respec-
tively. We also plot the order-wise theoretical performance
1/v/mT, which has a constant slope on the log-log axis. As
expected, the distributed methods significantly outperform the
local methods. The performance of the distributed methods
is on par with the asymptotic theoretical predictions, as seen
by the slope of the performance curves, with the possible ex-
ception of D-SAMD for T' = m. However, we observe that
D-SAMD performance is at least as good as predicted by theory
for T = \/m, a regime in which optimality is not guaranteed
for D-SAMD. This suggests the possibility that the requirement
that 7' = Q(m) for D-SAMD is an artifact of the analysis, at
least for this problem.

4While the accelerated variant of stochastic mirror descent makes use of two
sequences of step sizes, 5 and ~5, these two sequences can be expressed as a
function of a single parameter ; see, e.g., the proof of Theorem 2.
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asymptotic performance upper bounds for D-SAMD and AD-SAMD predicted
by the theoretical analysis.

10*

B. Expander Graphs

For a more realistic setting, we consider expander graphs,
which are families of graphs that have spectral gap 1 — A9
bounded away from zero as m — oo. In particular, we use
6-regular graphs, i.e., regular graphs in which each node has
six neighbors, drawn uniformly from the ensemble of such
graphs. Because the spectral gap is bounded away from zero
for expander graphs, one can more easily examine whether per-
formance of D-SAMD and AD-SAMD agrees with the ideal
scaling laws discussed in Corollaries 1 and 2. At the same
time, because D-SAMD and AD-SAMD make use of imper-
fect averaging, expander graphs also allow us to examine non-
asymptotic behavior of the two schemes. Per Corollaries 1 and
1 _log(mT)

2, we choose b = 10 m

to be sufficient for optimum asymptotic performance, we chose

. While this choice is guaranteed

e
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Fig. 3. Performance of different schemes for 6-regular expander graphs on
log-log scale, for p = 1/2. Dashed lines once again represent asymptotic
theoretical upper bounds on performance.

the multiplicative constant 1/10 via trial-and-error to give good
non-asymptotic performance.

In Fig. 3 we plot the performance averaged over 600 problem
instances. We again take p = 1/2, and consider the regimes
T =m and T = \/m. The step sizes are the same as in the
previous subsection except that v = 2.5 for D-SAMD when
T = \/m, v = 28 for AD-SAMD when T' = m, and v = 8 for
AD-SAMD when T' = /m. Again, we see that AD-SAMD and
D-SAMD outperform local methods, while their performance
is roughly in line with asymptotic theoretical predictions. The
performance of DGD, on the other hand, depends on the regime:
For T'= m, it appears to have order-optimum performance,
whereas for T' = /m it has suboptimum performance on par
with local methods. The reason for the dependency on regime
is not immediately clear and suggests the need for further study
into DGD-style methods in the case of rate-limited networks.
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p = 1/2, displayed using log-log scale.

C. Erdés-Renyi Graphs

Finally, we consider Erdds-Renyi graphs, in which a ran-
dom fraction (in this case 0.1) of possible edges are chosen.
These graphs are not expanders, and their spectral gaps are not
bounded. Therefore, order-optimum performance is not easy to
guarantee, since the conditions on the rate and the size of the
network depend on Ao, which is not guaranteed to be well be-
haved. We again take p = 1/2, consider the regimes T = m

and T = \/m, and again we choose b = - 1eglm ) 7 The step

10 plog(1/as)
sizes are chosen to be the same as for expander graphs in both
regimes.

Once again, we observe a clear distinction in performance be-
tween local and distributed methods; in particular, all distributed
methods (including DGD) appear to show near-optimum perfor-
mance in both regimes. However, as expected the performance
is somewhat more volatile than in the case of expander graphs,
especially for the case of T'= m, and it is possible that the
trends seen in these plots will change as 7" and m increase.

VI. CONCLUSION

We have presented two distributed schemes, D-SAMD and
AD-SAMD, for convex stochastic optimization over networks
of nodes that collaborate via rate-limited links. Further, we have
derived sufficient conditions for the order-optimum convergence
of D-SAMD and AD-SAMD, showing that accelerated mirror
descent provides a foundation for distributed SO that better
tolerates slow communications links. These results characterize
relationships between network communications speed and the
convergence speed of stochastic optimization.

A limitation of this work is that we are restricted to settings
in which the prox mapping is Lipschitz continuous, which ex-
cludes important Bregman divergences such as the Kullbeck-
Liebler divergence. Further, the conditions for optimum
convergence restrict the Lipschitz constant of non-smooth com-
ponent of the objective function to be small. Future work
in this direction includes study of the limits on convergence
speed for more general divergences and composite objective
functions.

APPENDIX

A. Proof of Lemma 2

The first claim follows immediately from the definitions of the
constituent matrices. The second claim follows from Lemma 1.
To establish the final claim, we first bound the norm of the
columns of E(s):

E(s) £

(G(s) = G(s))(W" =117 /n), 3D

where the first equality follows from G(s) = G(s)117 /n by
definition, and the second equality follows from the fact that the
dominant eigenspace of a column-stochastic matrix W is the
subspace of constant vectors, thus the rows of G(s) lie in the
null space of W’ — 117 /n. We bound the norm of the columns
of E(s) via the Frobenius norm of the entire matrix:

lei(s)]l, < v/C1 [1B(s)l|
= VG [[(G(s) = G(9))(W" =117 /n)||
< VCimiy ||G(s) = G(s)]|
< rrJL,akme\/aKS g (s) — gk (s)ll.,

where C'; bounds the gap between the Euclidean and dual norms,
C5 bounds the gap in the opposite direction, and thus C, <
C1C5. Then, we bound the variance of the subgradient noise.
Similar to the case of E(s), we can rewrite

Z(s) = Z(s)(W" — 117 /n).
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We bound the expected squared norm of each column z;(s) in
terms of the expected Frobenius norm:

Ef|zi(s)|2] < C1E

S mk%rClE

1Z(s)(W" — 117 /n) [}

1Z(5)I7)
< A3'm?*C.o?)b.

B. Proof of Lemma 3
By the Lipschitz condition on Pk (y),

@541 = max | Pr, (5) (Yhi(s)) — Py,

(s)(Yh; (5)) ]|

< max i (s) =% ()l + 7 [1hi(s) =Ty (s)]l,

< max xi(s) = x,(5)] + 57 () = By ().

where the final inequality is due to the constraint v < «/(2L).
Applying Lemma 2, we obtain

asy1 < as + max— llei(s) —

oL e;j(s) +2i(s) — z;(s)|.,

which, applying (22), yields

+ % | (s) — 2
Applying (10), we get

: .
ass1 < as +am?/Cry(as + M/L) + max - 1z ()1,

= (1+am? VCos)atT (m*V/Cas Mz ()] ) .

(32)

where i* € V is the index that maximizes ||z;]|,.

The final expression (32) gives the recurrence relationship
that governs the divergence of the iterates, and it takes the form
of a standard first-order difference equation. Recalling the base
case a; = 0, we obtain the solution

-1

EZ(lﬁ-amx/»AQ)
x (mVOx M2 (5)].)

To prove the lemma, we bound the moments of as using the
solution (33). First, we bound E|a?]:

(33)

Ela)] <E

s—1
(‘; > A+ am®/Cny) T
7=0

x (m*V/CoapM + |zz-x<s>||*)) ]

which we can rewrite via a change of variables as

(S

7=0¢=0
E[(m*VCasM + ||zi(s = 1= 7)],)
m? \/aAéM + ||z (s —1— Q)H*)]

Then, we apply the Cauchy-Schwartz inequality and (23) to
obtain

Ela2] < A2 Com* (M + o/v/B)? (9)2

L
s—1
<

7=0

s—1

+ am?/C.A5)" Z(l + am?/C,A5)1
q=0

Finally, we apply the geometric sum identity and simplify:

Ela?] < A2 Com* (M + o /Vb)? (%)2

y (1_ (1—|—am2\ﬁ0*)h§)s>2
1— (14 am?y/C.AL)

— MLV (1 4 o /i

This establishes the result for E[a?], and the bound on Ela]
follows a fortiori from Jensen’s inequality.

C. Proof of Theorem I

The proof involves an analysis of mirror descent, with the
subgradient error quantified by Lemmas 2 and 3. As necessary,
we will cite results from the proof of [7, Th. 1] rather than
reproduce its analysis.

Define

—x;(7)).

Applying Lemmas 2 and 3, we bound E[||n; (T

LJ:
Ellln; (DI J=E1[g8(r) + ei(7) — g(xi(7))lL,]
<E[lg(r) — g(x:i(m))I.] + Elllei(7)].]
< LE[a,] + Lm*\/C.\, Ela.] + 2M
<L(1 +m?\/C.)})Ela.] + 2M
< (M + o /Vb)(1+m*/C. 1)
(1 + am®\/C,\})

f—1)+2M.
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Next, we bound the expected value of ¢; (7): Minimizing this bound over « in the interval (0,a/(2L)], we
_ . . obtain the following optimum value:
E[G(7)] = vE[(n;(7) +2(7) — 2i(7), x" —xi(7))]
= yB[(m,(),%" = x:(7)] i {a \/ aD?
7 = 1n ’ ’
o . 2L \| 25(4M?2 + 2A2
#2Blalr) - 5() X () ( o
= vE[(n;(1),x* — x:(7))] which results in the bound
2
<AE[8:(]. % =% (7)]] Blp(a (s + 1))] - 4" < 222 +
<AEQ,
2(4M? + 2A%) _SD
el =D,
— 2 L )
where the first inequality is due to the definition of the dual D- Proof of Corollary 1
norm, and the third equality follows because Z(7) and z;(7) First, we make a few simplifying approximations to Z,:
have zero mean and are independent of x* — x; (7).
Next, we bound E[||8;(7)|?]. By Lemma 2, =, = (M +0o/Vb)(1+m?/C.ny)
E[|&:(7)|}]=E |\§(T)+ei(7)+i(7)+ii(7)—g(Xi(T))Ilﬂ ; (A +am®VCury) — 1)+ 2M
/ 2 T\T
which we can bound via repeated uses of the triangle inequality: <2M+o/ \/5) Com((1+am”/Ciry)") +2M
E[[18:(n)I] < 2E[llg(r) — 9(xi (T)II}] — M+ o VBT Y (k) am®\/TL)) + 2M
+2B(lei (1)[2] + 4E2(n)II2 + |12 (7)|%]. =0
Next, we apply Lemma 2: < 2(M + J/\/g) /C.m Z(Tam2 /C*Ag)k) +2M

E[[|6:(n)|F] < 2L°(1 + m' C.A3") Ela?]

+4C,0” /(mb) + 423" Co*m? /b4 4M. < 2AM + 0 /Vb)/Com(r + 1) (ram?\/C,A})) + 2M

_ 2./ r
Finally, we apply Lemma 3: = O(T"Vm>hy (M + ‘7/\/5) + M),

B||8:( 7_)||z] <2I2(1+mic, )L%r) E| af ] where the ﬁfst ine'zquality is trivial, the next twg statements are
due to the binomial theorem and the exponential upper bound
+4C.0” /(mb) + 423" C.o®m? [b + 4M = A2, on the binomial coefficient, and the final inequality is true if

we constrain SamQ\/C*Ag < 1, which is consistent with the
order-wise constraints listed in the statement of this corollary.
Recalling that r < bp, we obtain

Applying the proof of [7, Th. 1] to the D-SAMD iterates, we
have that

Sy(W(x (S +1)) —¢*) < D

[1]

~0 (SQA;’"\/E(M +o/Vb) + MQ) . (G4

2 2
+ Z |:<1 (4M + |6 (7 )H*)] : Now, we find the optimum scaling law on the mini-batch size b.
To ensure Sam? VA < 1forall s, we need
We take the expectation to obtain
log(mT)
b=Q| —————=|. (35)
av v aE:D, plog(1/x2)
E[(x (5 +1))] - +35 Z
In order to get optimum scaling we need =g = O(o/vmT +
( M), which yields a slightly stronger necessary condition:
+ g | 45MP Z A2>
1 T
2
Because {=,} and {A?} are increasing sequences, we can
bound the preceding by where the first term is necessary because b cannot be smaller
5 than unity.
BElp(x™ (S + 1))] — v* < & + 21(4/\/12 + A%) Similar approximations establish that
- Sy o« .
5 AL = O(S'm’ 13" (M + o® /b)
a =gy,
Wt + 0%/ (mb) + A3 o*m? Jb + M?).
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Thus, (36) ensures A% = O(0?/(mb) + M?). The resulting

gap to optimality scales as

bM? o

+ +M .
vmT >

E[U(x (S +1))] -0 =0 <;+ T

Substituting (36) yields

E[U(x(S+1)] - ¥ = O<max{ log(mT) 1 } .

pTlog(1/22)" T

ax M?log(mT) [M?* LT im
pTlog(1/a2)" V. T VmT '
In order to achieve order optimality, we need the first term to be
O((M + o)/v/mT), which requires

1/2
b=0 <JT> , m=0(c*T), p=Q (

ml/2

m'/? log(mT)
aT 2 log(1/x2) )"

Finally, we also need the second and fourth terms tobe O((M +
o)/vmT), which requires

M=0 (min{l, 1}) .
m /mo2T

This establishes the result.

(37)

E. Proof of Lemma 4

The sequences a, b, ¢, are interdependent. Rather than solv-
ing the complex recursion directly, we bound the dominant se-
quence. Define d, £ max{as, bs, ¢, }. First, we bound a:

vt = max 8} (i (s 4+ 1) = x5+ 1)

+ (1= Bl (x3E(s) — O,

which, via the triangle inequality, is bounded by
as41 < H}E}X ﬁ;}l ||Px, (s)(%hi<5)) - ij(s)(f)/shj (5))H
+ (1 — /8;_&1)(15.

Because the prox-mapping is Lipschitz,

51 < Hga;Xﬁ;il (lIxi(s) = x; ()]l + s M (s) —h; (s)]],)

+ (1 - ﬁs_il)a&
Applying the first part of Lemma 2 yields
asi1 < Hg%Xﬂ;}le +(1— ﬂ;il)a.s
+ B llen(s) — ey (s) + Zi(s) — 2 (s)].
and applying the second part and the triangle inequality yields
ase1 S maxd, +29,m*/C.ohy [lgi(s) — g5 (5)],

+27; [|Zi (s)]]. -

We apply (10) and collect terms to obtain
asy1 < max ds 4 27y,m?*\/C A5 (Leg + 2M) + 27, [|2i(s) |

< max(1 + 2v,m?>\/C,L)})d,

+ 27, (2m* /CAp M+ [|24(5),)-
Next, we bound b, via similar steps:

byt = max (| P (s) (s hi(5)) = Py, (5) (351 (s)) |

*

< max [|xi(s) — x; ()| + s [[hi(s) — by (s)]]

< mascb, +27, (m? /O (e, + 2M)+3(5)]1)
< max(1 + 2y,m?*\/C,LA})d,
+29,(2m* CAS M + ||Zi(s)],)-

Finally, we bound c;:

oy = max [|6; (x (s + 1) — x5 (s + 1))+
i,j

+ (1= BN (" (s) = x5 (9))l-
We bound this sequence in terms of a, and b;:

csr1 < max By 'byyr + (1= 37 )a,
i,j
< max(1 + 2y m? V C. LAY )dy

+ 29, (2m* V/ Cudy M + ||2: (5)]).)-
Comparing the three bounds, we observe that

dey1 < max(1 4 2y,m*y/ C.Lry)d,
1

+ 29, (2m* /CA M + |2:(5)].,)-

Solving the recursion yields

3
—

ds < (1 4 2m> s/ C . LAL) 27,

T

% (2m* /TS M + [ (5)]),)-

Following the same argument as in Lemma 3, we obtain

Il
o

(38)

(M+o/Vb)? e
E[d] < (A 2v,m?\/CLLAG) —1)2.
The bound on E[d,] follows a fortiori.

F. Proof of Theorem 2

Similar to the proof of Theorem 1, the proof involves an
analysis of accelerated mirror descent, and as necessary we will
cite results from [7, Th. 2]. Define

6;(7) = hi(r) — g(x (7))
ni (1) 2 8(7) + e;(r) — g(x"" (7)) = §;(7) — 2(7) — %i(7)
G(T) = 7 (0 (1), x" = x4(7)).
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Applying (10) and Lemmas 2 and 4, we bound E[||n; (7)||]:
Ellln;()ll.] = Elg(r) + ei(r) — g(xi(7))ll,]
< Ell|lg(r) = g ()||,] + Elllei(n)]l.]
< LE[e;] + L\/Com® M Ele.] + 2M
< (M +0/VD) (14 /Com?13)
X (14 2y, m*\/C,LA,)™ —1) 4+ 2M.
By the definition of the dual norm:
ElG(m)] < v Elllmi (7)), Ix" = xi (7)]]]

azZ.D
<Y EQ, </
S > 5 I

We bound E[||d; (7)||?] via the triangle inequality:

_ md 2
E[l16:(m)]1°] < 2E(|[g(r) — (" ()] + 2E[[lei ()]
+4B[|12:(r)[12] + 4Ez(r)12],
which by (10) and Lemma 2 is bounded by
E[|8;(r)["] < 2L (1 +m* C.x3")Ele}]
4C,0?
b
Applying Lemma 4, we obtain
E[)|6;(7)|P]<2(M + o/V)* (1 + 2y-m?\/C.La)™ — 1)?
4C, 0

(A3"m? 4+ 1/m) + 4M.

+

(A2"m? + 1/m) + 4M.

From the proof of [7, Th. 2], we observe that

(Bs+1 — Dys1 [P (x5 (S +1)) —

Y
Taking the expectation yields
(Bs+1 — D)ys41[E[¥(x]

\[D XZ%_T—i— ZVT 4M2+A2).

T=1

U] < D*w, X

4M2 +118: (7))

*(S+1)] -V < Df x

Letting 3, = =3 = Zrly, observing that A; and =,

are increasing in 7, and simplifying, we obtain
4D37 x
57+ 1)

32 4~8
+1/=D. XH5+L(4M2+A2)

Solving for the optimum = in the interval 0 < v < «/(2L), we
obtain:

. Ja
7 =mn 2L’\/S(52+

E[W(¢H(S +1))] - 0* <

OéDEJ.X
1)(4M? + A%)

This gives the bound
8LDZ,’ X
a(S?+1)

16SD2  (4M? + A2 39
x| s) “D, xEs,

a(S+1)2
which simplifies to the desired bound
EU(x#(S+1))] - ¥ < SLDGx
‘ aS?

[4M + A2 /32 _
+4D, x - 54 —D, xZs.
asS «

G. Proof of Corollary 2

First, we bound =, and A? order-wise. Using steps similar
to those in the proof of Corollary 1, one can show that

B[S+ 1)) -9 <

= =0 (r3m3xg(M +0/Vb) + M) )
and

2
A2 =0 (Temﬁkgr(/\/lz +0%/b) + e MQ) :

In order to achieve order-optimum convergence, we need A% =
O(c? /(mb) + M?). Combining the above equation with the
constraint < bp, we obtain the condition
)
plog(1/22)
This condition also ensures that =¢ = O(c/vVmT + M), as

is necessary for optimum convergence speed. This leads to a
convergence speed of

E[W<x?V<s+1>>]—m*=o<b2+ MM,

g
T2 T \/mT+M>

In order to make the first term O((M + o)/vmT), we need
ol/273/4
b=0 <m1/4
B m'/*log(mT)
P2\ o3 10g(1 /) )
To make the second and fourth terms O((M + o) /vVmT), we

need, as before,
M=0 (min{l, 1}) :
m /mo?T
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